Conditional Probability of Hitting Barrier 


A model is developed for evaluating the conditional probability of hitting an upper barrier before 
a lower barrier, and vice versa, for a tied down geometric Brownian motion with drift. The 
method produces an analytical value for this probability, assuming that the barrier levels are 
constant and continuously monitored. 

An analytical value for this conditional probability is provided. The derivation is based, in part, 
on an application, which gives an analytical value for a similar conditional probability but with 


respect to standard Brownian motion. 


Let St denote the price at time equal to ¢ of an underlying security. Furthermore assume that the 


process {S't |t I[0,+¥) } satisfies, under some measure P , the stochastic differential equation 
dS, =S,(udt+odW,),  t €[0,40). 


Also let 
- Hu and Hd (where H H u d> ) respectively denote constant upper and lower barrier levels, 


- tl=inf { } inft?0|,S°? Htuandt { } 2=inft? 0|S £ A td respectively denote the first hitting 
times of the barrier levels Hu and Hd (here we assume that HS Hdu<<0O), and 


- T (where T> 0 ) denote a length of time. 


We consider the conditional probability that the upper barrier level is crossed during the 


interval [0,7], and for a smaller time than for which the lower barrier level is crossed, 


given that S y T=, that is, 


Pit, S T.t<2, 


S; = y) 

We first introduce some notation. Specifically let 
oT = inf {r > 0 f(t) = y} 

and 
rf” =inf{r >of (t) <7} 


denote first hitting times, respectively from below and from above, of the constant barrier level 


g. 
Next let 


- {Wt} t| 1[0,+¥) denote standard Brownian motion under a probability measure P , 


And 


- g 1 and g 2 (where g 1 > 0 and g 2 <0 ) respectively denote constant upper and lower 


barrier levels. 


For standard Brownian motion, consider the conditional probability that the upper barrier 
level is crossed during the interval [0,7], and for a smaller time than for which the lower 
barrier level is crossed, given that Wy T=, that is, 

Ww, =y) 


P( Cee ee 


This conditional probability is equal to 


a o 
Fenny? 22-y)-nr-D nr +72N-9))]) 
e 


+00 


Zz 


n=l Sn? (74 (1-472 (72-Y)) MOD (72—P)-mt(n—y] | op 
-—e? : BSF 


—2 ? . 
ser ir ns -y)-n(n-1)[ 44(72 =J )+%(%-Y)]}) 


—2; 4 
n=l Flaine nr -y)-n(n-1)72(%1-¥)]} 
—e 


ify2 7;: 


Also for standard Brownian motion consider the probability that the upper barrier level is crossed 
during the interval [0,7], and for a smaller time than for which the lower barrier level is crossed, 


and that WT lies in an interval J, that is, 

P(r" <7 09% <1" Wel). 

From Bayes’ Theorem and (1), this probability is equal to 
I e(v)P(a"" <7 .0 < oP" |W, = y)dy 


For the process {St } ¢ | I[0,-+4) , consider the conditional probability that the lower barrier level 
is crossed during the interval [0,7], and for a smaller time than for which the upper barrier level 


is crossed, given that S y T=, that is, 


P(rS” <7. 18" <7°"|S_ =I). 


Then, the probability that the upper barrier level is crossed during the interval [0,7], and 
for a smaller time than for which the lower barrier level is crossed, and that ST lies in an 


interval J , that is, 

Pit? ST 25% 2258, ET), 
can be shown equal to 

[ BOT. u.0.74.%2-So)dy 


Finally, consider the conditional probability that the upper barrier level is crossed during 
the interval [0,7], and for a smaller time than for which the lower barrier level is crossed, 


given that Sy T=, that is, 


This conditional probability is then equal to 
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For the process {St } t | I[0,+¥) , consider the conditional probability that the lower 
barrier level is crossed during the interval [0,7], and for a smaller time than for which 


the upper barrier level is crossed, given that S y 7’ =, that is, 
Pl <7, <27|S5.=—4), 


We choose to obtain this conditional probability by considering the identity 


P(s, €1)=P(r" <T,78" < 75” ,8, EI) 
+P rs” <T, 152 <15",8, € 1) 


+ P(r” >T,78" >T,S, El), 


We can, however, alternatively derive the required conditional probability using a parallel 
approach to that of Section 2.1. In particular, consider the probability that standard Brownian 
motion crosses a lower barrier level during the interval [0,7] , and for a smaller time than for 


which the upper barrier level is crossed, and that WT lies in an interval J = [a,b] , that is, 
P(r? <7." <7" W, €[a.b]). 


Given its similarity to the result for hitting an upper barrier before a lower barrier, we would like 


to recommend that this approach be considered for use in a future implementation of this method 


to price an actual deal (see https://finpricing.com/FinPricing-ProductBrochure.pdf) 


